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Graphs and Hypergraphs
Graph G = (V, E)
vertices—/4 }xedges
= Models relationships between objects
= Dyadic (2-ary) relationships

Hypergraph H = (V, E)
= Generalization of a graph

= hyperedges connect > 2 vertices
= Arbitrary (d-ary) relationships
= Edgeset EC P (V)\0




e-Balanced Hypergraph Partitioning (HGP)

Partition hypergraph H = (V, E,c: V — Rso,w : E — Ryg) into k disjoint blocks
m={v,..., Vi } such that

= Blocks V; are roughly equal-sized:

(V) < (1+¢) []

= Objective function on hyperedges is minimized
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e-Balanced Hypergraph Partitioning (HGP)

Partition hypergraph H = (V, E,c: V — Rso,w : E — Ryg) into k disjoint blocks
m={v,..., Vi } such that

= Blocks V; are roughly equal-sized: imbalance parameter

(V) < (1+¢) [%]

= Objective function on hyperedges is minimized

Common HGP Objectives:

m Cut-Net: ZeECut w(e) / # blocks connected by e
m Connectivity: Zeecuto‘ — 1) w(e)




Well-Known HGP Applications
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Well-Known HGP Applications
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Classification: Single-Level Algorithms

Initial Partitioning Refinement
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Classification: Two-Level Algorithms

Matching / Clustering

~



Classification: Two-Level Algorithms

I\/Iatchlng / Clusterlng

Contraction

OO’
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Classification: Two-Level Algorithms
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Classification: Two-Level Algorithms

Matching / Clustering Refinement
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Classification: Multi-Level Algorithms
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Classification: Multi-Level Algorithms

Input
Hypergraph

Coarsening

initial Partitioning—— @gD)




Classification: Multi-Level Algorithms
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Prior Work: Single-Level Algorithms

KL
FM
[KGV83]
LA,-FM
Algl BIPART RCut
WHB EIG1 EIG-1G
|G-Match
DLA GRCA Paraboli FBB MELO
PANZA LIFO-LA,-FM
LSMC PROP CLIP/CDIP
LSR ASFM PROP-Rex
DEEP/VAR-PROP MMP
VRW Shrink-PROP
CLIP>/LIFO, [CYO0O0]
WalkPart
LFM

Direct k-way
Partitioning

k-LA¢-FM
EV
MCPG

NETPART
SA/EIG-TS [PP93] KP KC/AGG
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Prior Work: Two-Level Algorithms

1975

dKLFM Direct k-way 1983

STABLE Partitioning 1990

PD 1991

[HK922] 1992

[AK93] _ 1993

[Yan+94] Recursive 1994
Bipartitioning

BISECT 1995

CMM 1996

[HK97] 1997

TLP CRC 1999

GA-GC-DHC 2004

NaturalPart 2006



Prior Work: Multi-Level Algorithms

FMC
Strawman
GMetis
ML./ML¢
MLAF

PART MLPart CoMHP
MLP
TPART

hMETIS-R

PaToH

Recursive
Bipartitioning
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Zoltan

onmetisHP
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MKP
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MSN Parkway
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Why Yet Another Multi-Level Algorithm?
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Why Yet Another Multi-Level Algorithm?

" Tradeoff

More levels:
a -+ Quality
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Why Yet Another Multi-Level Algorithm?

Tradeoff

More levels:

a -+ Quality
e ® — Running time e

[Traditional multi-level algorithms: O(log n) levels J

' Karlsruhe Hypergraph Partitioning |

@ Evade tradeoff ~~ n levels
@ Combine high quality with good performance
- Motivated by n-level graph partitioner KaSPar




Overview: Main Algorithmic Ingredients
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Connectivity Optimization: Solution Quality

Fraction of instances

* ISPD 1998, DAC 2012
t SAT Competition 2014
: SuiteSparse Matrix Collection

488 Hypergraphs (VLSI*, SATT, Sparse Matrices?)

k €{2,4,8,16,32,64,128}, € = 0.03, time limit: 8 hours
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Connectivity Optimization: Solution Quality

Fraction of instances

* ISPD 1998, DAC 2012
t sAT Competition 2014
: SuiteSparse Matrix Collection
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Time—Quality Trade-Off Landscape
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Time—Quality Trade-Off Landscape
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Time—Quality Trade-Off Landscape
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Time—Quality Trade-Off Landscape
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Time—Quality Trade-Off Landscape (as of 2022)
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Can we scale exact minimum cut
computation to large hypergraphs?



HeiCut: Overall Approach......

= Key idea: Aggressively shrink hypergraph using provably exact reduction rules
= Terminate early if the minimum cut is determined (|V| = 1 or |E| = 0), or
m Solve using an ordering-based exact solver

Reductions Exact Solver
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HeiCut: Overall Approach......

Preserve the minimum cut value

= Key idea: Aggressively shrink hypergraph using provably exact reduction rules
= Terminate early if the minimum cut is determined (|V| = 1 or |E| = 0), or
m Solve using an ordering-based exact solver

Reductions Exact Solver
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Experimental Results

a) Memory b) Running Time

c) Min Cut
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m HeiCut solves 98.6% of instances vs. Trimmer’s 55%

m HeiCut is over 1000x faster than Trimmer on 85% of instances

T T T T T T T

1.5 2 6 108 103 10° F
Ratio

=== Trimmer

C. Chekuri and C. Xu,
Computing Minimum Cuts in Hypergraphs,
SODA 2017

= Fully reduced (single vertex) in 85% of instances — min cut without invoking exact solver



Open-Source Frameworks

KaHyPar — Sequential HGP
m QObjectives: cut, connectivity

m Supports: Fixed vertices, custom block weights, memetic partitioning
= |nterfaces: C, Python, Java, Julia
® http://www.kahypar.org

Mt-KaHyPar — Shared-Memory HGP
= Objectives: cut, connectivity, sum-of-external-degrees, Steiner tree

m Supports: Fixed vertices, custom block weights, deterministic & large-k partitioning
= Interfaces: C, Python, Julia
® https://github.com/kahypar/mt-kahypar

HeiCut — Exact minimum cuts at scale
® https://github.com/HeiCut/HeiCut
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