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• Applications of MCR Problem:
• Timing analysis:

• Asynchronous circuits
• Synchronous circuits with retiming or clock skew 

scheduling techniques
• Concurrent systems, graph theory, etc.

• Incremental MCR Problem
• Many optimizations are performed incrementally in 

EDA applications:
• Gate Sizing
• Detailed Placement

• Faster runtime can be expected by calculating MCR 
incrementally

Introduction (2/2)
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• Cannot enumerate all the cycles in large graphs
• Total # of cycles is exponential to graph size

• Solve as a linear program:
• J. Magott, Performance Evaluation of Concurrent Systems using 

Petri Nets, Information Processing Letters, 1984.

• Solve using traditional MCR Algorithms:
• Howards algorithm

R. A. Howard, Dynamic Programming And Markov Process, The 
M.I.T Press, 1960.

• Karp and Orlin’s algorithm
R. M. Karp and J. B. Orlin, Parametric Shortest Path Algorithms 
with An Application to Cyclic Staffing, Discrete Applied 
Mathematics, 1981.

• Lawler’s algorithm
E. L. Lawler, Combinatorial Optimization: Networks and Matroids, Holt, 
Rinehart and Winston, 1976.

Previous Works (1/2)
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• Most recent study about MCR algorithms

• A. Dasdan, Experimental Analysis of The Fastest 
Optimum Cycle Ratio and Mean Algorithms, 
TODAES, 2004

• Existing incremental MCR Algorithm

• N. Chandrachoodan et al., Adaptive Negative Cycle 
Detection in Dynamic Graphs, ISCAS 2001

• Based on Lawler’s binary search idea

• Only performed experiments on small graphs

Previous Works (2/2)
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• Transfer the MCR problem into positive cycle detecting 
/ longest path tree problem
• Original graph: cost(e), transit(e)
• New graph: length(e) = cost(e) - 𝛕 * transit(e)

• Interesting features of the transformed graph:
• Contains positive length cycles  τ < MCR
• Contains zero / negative length cycles  τ = MCR
• Only contains negative length cycles  τ > MCR

Background (1/3)
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• Considering changes at one node
• Input:

• Previous maximum cycle ratio (τ*(G)).
• Previous most critical cycle (c*).

• Output:
• Cycle ratio and critical cycle after the graph change.

• HOW and KO are not suitable to calculate MCR incrementally 
• The middle information is calculated on transformed graph 

(Gτ) and is subject to change.
• Can only search τ from one direction.

• Basic idea of our algorithm:
• When MCR is increased, searching new MCR upward, 

similar to HOW. 
• When MCR is decreased, searching new MCR downward, 

similar to KO. 

Our Incremental MCR Algorithm

11
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• Cost Shifting
• If a decreasing change happens on 

non-critical edges, the MCR will not 
be affected.

• Shift the change of the cost to better 
detect the above case:

Cycle Detection (1/4)
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• Transfer G to Gv

• Break G at changed node v. Add the start 
and end node.

• Longest path tree is well defined in Gv

• All cycles not passing v:
• Set τ = previous MCR  all these 

cycles is zero or negative length
• Cycles passing v:

• Can be positive length, but they 
are break in Gv.

• No positive cycles in Gv.

Cycle Detection (2/4)
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• Construct longest path tree (TVs)
• The longest path tree problem on 

graph without positive cycle.
• Bellman-Ford: 

too many repeated node updates
• Our distance bucket approach:

• Always pick the node having largest 
distance to update.

• A bucket structure is used to keep 
track of the max distance:

Cycle Detection (3/4)
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• Based on the longest distance (d(Vt)) in TVs

• Longest distance from node s to node t 
captures the largest cycle ratios among all 
cycles passing thought the changed node.

• Reason:
• d(Vt) > 0 MCR increased:

At least one positive length cycle is passing 
through the changed node.

• d(Vt) = 0 MCR not changed:
largest cycle ratio equals to the previous MCR. 

• d(Vt) < 0:
• Changed node ∉ previous critical cycle

 not affecting previous MCR
• Changed node ∈ previous critical cycle

MCR decreased

Cycle Detection (4/4)
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• If d(Vt) > 0, perform local upward 
search:

• Only search among the cycles 
passing through the changed node

• The new critical cycle must pass 
through the changed node 
(Theorem 2).

• Similar to Howard’s algorithm:

• Increase τ to make d(vt) = 0.

• Reconstruct the longest path tree 
using new τ.

• Keep repeating until d(vt) = 0.

Local Upward Search
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• If d(Vt) < 0, perform global downward 
search:

• There is no clue where the new 
critical cycle is located.

• Incremental KO algorithm:

• Starting KO from the previous 
MCR.

• Leveraging the longest path tree 
calculated during cycle detection.

Global Downward Search
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• Benchmarks
• 27 random graphs* (12K ~ 1 million nodes)
• 8 industrial circuits (200K ~ 2 million nodes)

• Incremental MCR
• Random graphs:

• M1: randomly pick a node among all nodes
• M2: always pick a node on previous critical cycle

• Industrial circuits:
• Detailed placement based on our cell swapping algorithm

Experiments

19* A. Dasdan, Experimental Analysis of The Fastest Optimum Cycle Ratio and Mean Algorithms, TODAES, 2004



• Small size random graphs:

Experiments

20

Graph
# of 

nodes
# of 

edges

Cycle ratio Runtime (M1) Runtime (M2)

Init
Final 
(M1)

Final 
(M2)

LP HOW KO Ours LP HOW KO Ours

r01 12752 36681 4.03 4.03 3.76 566.43 4.07 1.92 0.44 720.50 3.97 2.58 1.15

r02 19601 61829 4.39 4.39 4.06 2238.94 4.69 3.12 0.74 2885.36 9.92 4.79 2.06

r03 23136 66429 5.04 5.04 3.81 2380.95 3.20 2.72 0.92 3130.45 8.26 5.07 2.32

r04 27507 74138 4.50 4.50 3.61 2963.66 3.65 3.20 0.94 3866.92 12.48 5.16 2.77

r05 29347 98793 4.39 4.49 4.18 5090.83 18.03 8.07 1.42 4644.15 20.34 10.28 4.12

r06 32498 93493 3.87 3.87 3.56 6829.63 14.60 7.50 1.42 9060.00 24.86 9.35 4.02

r07 45926 127774 4.18 4.18 3.58 12377.20 9.95 6.93 1.80 15743.5 33.72 13.38 5.57

r08 51309 154644 4.84 4.84 4.11 --- 10.01 7.52 2.11 --- 27.24 11.40 6.31

r09 53395 161430 4.70 4.70 4.18 --- 9.19 8.28 2.12 --- 41.73 15.24 6.42

6.496 4.136 1.000 5.253 2.223 1.000



• Medium size random graphs:

Experiments

21

Graph
# of 

nodes
# of 

edges

Cycle ratio Runtime (M1) Runtime (M2)

Init
Final 
(M1)

Final 
(M2)

LP HOW KO Ours LP HOW KO Ours

r10 12752 36681 4.45 4.50 4.36 --- 70.51 24.41 4.09 --- 66.74 23.96 9.78

r11 19601 61829 3.84 3.84 3.57 --- 95.00 24.77 4.20 --- 95.62 24.42 9.53

r12 23136 66429 4.83 4.83 4.47 --- 109.14 24.35 4.77 --- 91.43 24.91 10.57

r13 27507 74138 4.79 4.79 4.07 --- 29.65 17.12 4.25 --- 100.52 23.84 10.80

r14 29347 98793 5.08 5.08 3.48 --- 32.52 18.99 5.43 --- 103.43 30.80 17.90

r15 32498 93493 6.30 6.30 4.45 --- 22.46 22.59 7.21 --- 268.69 52.77 26.33

r16 45926 127774 4.76 4.76 4.36 --- 187.87 42.79 8.44 --- 315.99 66.09 28.64

r17 51309 154644 5.24 5.24 4.94 --- 488.10 74.59 12.75 --- 620.42 98.54 42.62

r18 53395 161430 4.34 4.34 4.17 --- 390.57 64.55 11.27 --- 442.07 82.08 36.02

22.848 5.034 1.000 10.952 2.224 1.000



• Large size random graphs:

Experiments

22

Graph
# of 

nodes
# of 

edges

Cycle ratio Runtime (M1) Runtime (M2)

Init
Final 
(M1)

Final 
(M2)

LP HOW KO Ours LP HOW KO Ours

r19 12752 36681 5.14 5.14 4.38 --- 90.15 63.92 13.36 --- 481.11 115.48 46.68

r20 19601 61829 6.03 6.03 4.48 --- 65.41 62.41 16.18 --- 705.11 134.60 55.87

r21 23136 66429 4.65 4.65 4.41 --- 341.74 125.63 25.92 --- 1023.05 169.74 65.69

r22 27507 74138 5.06 5.06 4.65 --- 399.31 154.68 36.86 --- 1329.38 178.20 76.65

r23 29347 98793 6.04 6.04 4.50 --- 268.13 149.38 48.55 --- 1112.68 240.61 97.21

r24 32498 93493 4.59 4.59 4.44 --- 1868.32 327.39 49.96 --- 1679.11 305.82 116.13

r25 45926 127774 29.75 29.75 43.13 --- 71.00 47.10 38.21 --- 75.93 53.94 91.21

r26 51309 154644 5.52 5.52 4.66 --- 294.65 189.08 44.39 --- 1222.89 297.44 141.97

r27 53395 161430 4.78 4.78 4.57 --- 1217.15 332.73 54.74 --- 3355.29 450.52 180.88

14.066 4.426 1.000 12.593 2.231 1.000
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• Industrial circuits

Experiments

25

Design
# of

nodes
# of 
nets

Critical 
move

Skip 
move

Total 
move

Wirelength Cycletime Runtime

Init Final Init Final HOW KO INC

adaptec1 210861 644176 39 2 514 77.78 77.89 2582.00 1390.60 248.42 409.98 48.19

adaptec2 254425 731135 23 4 398 87.68 87.73 4301.60 3456.80 80.10 49.43 34.40

adaptec3 450642 1289483 18 7 280 203.33 203.35 8084.50 2523.00 139.44 130.75 35.13

adaptec4 494590 1246535 24 1 482 183.59 183.72 2729.00 2115.00 327.05 171.16 95.88

bigblue1 277022 794445 24 2 225 97.21 97.30 3125.67 2973.00 40.99 30.59 32.13

bigblue2 528704 1267929 35 2 422 147.80 147.81 3494.91 3491.91 305.14 104.46 98.49

bigblue3 1094904 2511616 26 6 413 324.91 325.05 6020.33 3692.25 305.37 261.76 178.60

bigblue4 2168351 5691264 29 4 448 790.65 790.85 6085.50 3885.25 1128.32 704.68 403.59

0.069 0.009 1.000 1.000 1.000 1.000 0.646 2.779 2.011 1.000



• Proposed an incremental MCR algorithm

• Combined the idea of HOW and KO to enable 
searching new MCR upward / downward.

• Distance bucket data structure to speed up 
building longest path tree on graph with cycles.

• Incremental KO to be able to start from previous 
MCR and corresponding longest path tree.

• Experimental results on both random graphs and 
industrial circuits

• Much faster than traditional MCR algorithms.

Conclusions
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Thank you!
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