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Systolic Arrays

• Kung and Leiserson in late 

1970s’

• Regular array of 

Processing Elements (PEs)

• No global interconnect
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Systolic Array Applications

• Signal processing, linear algebra

• ML/AI accelerators: Eyeriss, TPU 
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ML/AI Accelerator Research

• Architecture design

• Workload mapping/scheduling

• Algorithm-hardware co-design

• High-level synthesis

• Physical design? Dedicated layout tools for ML/AI 

accelerators?
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SysMix: Mixed Size Placement for Systolic Arrays
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C h o c o l a t e - C o v e r e d C h e r r y . T h e P E i s a h a r d m a c r o ( c h e r r y ) a n d
i t s s u r r o u n d i n g d u s t c e l l s f o r m a r m s h e l l ( c h o c o l a t e ) . I n t h i s s t e p ,
e v e r y d u s t c e l l i s c l u s t e r e d t o a c e r t a i n P E t o f o r m a n " ⇥ a r r a y o f
C 3 - m a c r o s . S u c h C 3 - m a c r o s p r o v i d e a r o u g h e s t i m a t e o f h o w m u c h
s p a c e t o b e r e s e r v e d f o r d u s t c e l l s a r o u n d e a c h P E w h e n d e c i d i n g
PE locations.

T h i s i s a s p e c i a l g r a p h c l u s t e r i n g p r o b l e m d i e r e n t f r o m o r d i n a r y
g r a p h c l u s t e r i n g / p a r t i t i o n i n g [ 2 , 1 3 ] . T h u s , w e a d o p t t h e B u b b l e -
F O S / C a l g o r i t h m [ 1 8 ] , w h i c h t s o u r n e e d v e r y w e l l . T h e o v e r a l l
B u b b l e - F O S / C a l g o r i t h m i s b r i e y r e v i e w e d i n S e c t i o n 3 . 1 . S i n c e
w e c a n d i r e c t l y u s e P E s a s c l u s t e r s e e d s a n d t h e r e i s n o n e e d f o r
f u r t h e r s e e d a d j u s t m e n t , o n l y s t a g e 2 o f B u b b l e - F O S / C i s e m p l o y e d
here.

S t a r t i n g f r o m P E s a s c l u s t e r s e e d s , d u s t c e l l s a r e c l u s t e r e d t o P E s
b y s i m u l a t i n g a u i d d i u s i o n p r o c e s s . A s i l l u s t r a t e d i n F i g u r e 3 ,
P E s a r e u i d s o u r c e s i n d i c a t e d b y d i e r e n t c o l o r s . O v e r t h e t i m e ,
o r s i m u l a t i o n i t e r a t i o n s , t h e u i d s d i u s e t o n e i g h b o r i n g d u s t c e l l s
a c c o r d i n g t o g r a p h c o n n e c t i v i t y . W h e n t h e d i u s i o n c o v e r s t h e
e n t i r e g r a p h a s t h e r i g h t m o s t p a r t o f F i g u r e 3 , a l l d u s t c e l l s a r e
clusteredwith their PEsto formanarray of C3-macros.

F i g u r e 3 : I l l u s t r a t i o n o f c l u s t e r i n g b y s i m u l a t i n g u i d d i f -
f u s i o n . T h e f o u r l a r g e b o x e s a r e P E s a n d s m a l l r e c t a n g l e s
i n d i c a t e d u s t c e l l s . F l u i d s a r e r e p r e s e n t e d b y d i e r e n t c o l o r s .
T h e u i d o w c o l o r i n g r e s u l t c o r r e s p o n d t o 4 c l u s t e r s o f d u s t
cells.

G r a p h c o n n e c t i v i t y i s d e s c r i b e d b y e d g e s e t ⇢o f t h e g i v e n c i r c u i t
n e t l i s t . I f t h e d e g r e e o f a n e t 4 2 ⇢ i s d e n o t e d b y X4, t h e n t h e
connectionweight for thisnet isde nedas

[ (4) =
1

2X4(X4−1)
. (4)

T h e d i u s i o n s i m u l a t i o n i s b a s e d o n a n #⇥# c o n n e c t i v i t y m a t r i x ,
w h e r e # i s t h e t o t a l n u m b e r o f d u s t c e l l s a n d P E s , i . e . , # =|⇠|+|%|.
F o r t w o d i s t i n c t n o d e s E8,E9 2 ⇠ [ %, t h e s e t o f n e t s i n c i d e n t t o
b o t h E8 a n d E9 i s d e n o t e d b y ⇢8,9⇢⇢. T h e i r c o r r e s p o n d i n g e n t r y i n
connectivitymatrix isde nedtobe

8,9=
’

42⇢8,9

[ (4) (5)

S i n c e a n o d e m a y b e a P E , w h i c h c o n s i s t s o f m a n y c e l l s , i t i s l i k e l y a
P E E82%h a s m u l t i p l e n e t c o n n e c t i o n s w i t h a d u s t c e l l E92⇠. E a c h
d i a g o n a l e l e m e n t 8,8=6, w h e r e 6 i s a u s e r s p e c i e d p a r a m e t e r .
Every rowofmatrix isnormalizedas

8̃,9=
8,9

Õ#
: =1 8,:

(6)

After thenormalization,
#’

9=1
8̃,9=1, 8=1,2,...,# (7)

T h e n , 8̃,9 c a n b e i n t e r p r e t e d a s t h e p r o b a b i l i t y o f u i d o w i n g
f r o m n o d e E9 t o E8. A l t h o u g h t h e m a t r i x m a y c o n t a i n s y m m e t r y ,
i . e . , 8̃,9= 9̃,8, u i d o w s f r o m a n o d e w i t h t h e g r e a t e r a m o u n t o f

u i d t o i t s n e i g h b o r n o d e w i t h t h e l e s s a m o u n t o f u i d . A d i a g o n a l
e n t r y 8̃,8m e a n s t h e p r o b a b i l i t y t h a t u i d s t a y s a t i t s c u r r e n t n o d e .
If6 is toosmall, uiddi usestoo fast andlittle uidwouldbeleft
a t t h e n o d e s n e a r t h e i r s o u r c e s . I f 6 i s t o o l a r g e , i t w o u l d t a k e m u c h
moreiterations for the uidstocover all nodes.

T h e u i d s o u r c e s a r e d e s c r i b e d b y a n #⇥|%| m a t r i x ( , w h o s e
entriesarede nedby

(8,9=
⇢
1, 8=9+|⇠|
0, others

(8)

w h e r e e a c h c o l u m n c o r r e s p o n d s t o a P E . T h e u p p e r |⇠| r o w s o f
t h i s m a t r i x c o r r e s p o n d t o d u s t c e l l s a n d a r e a l l z e r o s . T h e l o w e r |%|
r o w s i m p l y i n t e r a c t i o n s b e t w e e n d u s t c e l l s a n d P E s , a n d f o r m a n
identity sub-matrix. For |⇠| =4and |%| =3, the( matrix is

2
6
6
6
6
6
6
6
6
6
6
6
6
4

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

3
7
7
7
7
7
7
7
7
7
7
7
7
5

A n #⇥|%| d i s t r i b u t i o n m a t r i x ⇡ h a s e n t r i e s ⇡8,9 i n d i c a t i n g t h e
a m o u n t o f u i d f r o m s o u r c e E9 e n d i n g u p a t E8. A t t h e b e g i n n i n g ,
⇡0=( f o r t h e i n i t i a l d i s t r i b u t i o n , w h e r e a l l u i d s a r e a t t h e i r s o u r c e
nodes. Fromiteration : −1to : ,⇡: = ⇡̃: −1, andtherefore

⇡: = :̃ ( (9)

T h e i t e r a t i o n s t e r m i n a t e w h e n a l l e n t r i e s o f ⇡5 a r e n o n - z e r o i n
i t e r a t i o n 5. F o r e a c h d u s t c e l l E82⇠, w e n d c o l u m n 9i n ⇡5 s u c h
t h a t ⇡8,9 i s t h e m a x i m u m i n r o w 8o f m a t r i x ⇡5. T h e n , E8 i s a s s i g n e d
t o P E E9 2 %i n t h e n a l c l u s t e r i n g s o l u t i o n , a s E8 r e c e i v e s m o r e
uid fromE9than anyother PEs.

A C 3 - m a c r o i s c o m p o s e d o f a P E a n d t h e d u s t c e l l s a s s i g n e d
t o t h i s P E b y t h e c l u s t e r i n g p r o c e s s . T h e a r e a o f a C 3 - m a c r o i s
i t s P E a r e a p l u s a l l i t s d u s t c e l l a r e a s . W e t r y t o m a k e i t s a s p e c t
r a t i o c o n f o r m w i t h i t s P E a n d a s c l o s e t o a s q u a r e a s p o s s i b l e . I n
t h e s u b s e q u e n t m a c r o p l a c e m e n t , a l l p i n s o f a C 3 - m a c r o , i n c l u d i n g
t h o s e f r o m i t s P E a n d d u s t c e l l s , a r e a s s u m e d t o b e a t t h e C 3 - m a c r o
center.

5 . 2 . 2 C 3 - M a c r o P l a c e m e n t . C 3 - m a c r o s a r e p l a c e d t h r o u g h L P ( L i n -
e a r P r o g r a m m i n g ) . T h e p r o b l e m f o r m u l a t i o n i s t o d e c i d e t h e l o c a -
t i o n s o f a l l C 3 - m a c r o s s u c h t h a t t o t a l H P W L i s m i n i m i z e d a c c o r d i n g
t o t h e n e t l i s t i n c l u d i n g x e d p i n s w h i l e t h e r e i s n o o v e r l a p b e t w e e n
any twoC3-macros. TheHPWL isestimatedby

%, ! =
’

42⇢

max
D24

GD−min
E24

GE+maxD24
~D−min

E24
~E (10)

w h e r e D,E 2+. A C 3 - m a c r o i s i d e n t i e d b y t h e r o w a n d c o l u m n
i n d i c e s o f i t s P E i n t h e s y s t o l i c a r r a y . I n o t h e r w o r d s , a C 3 - m a c r o
`8,9 is in row8andcolumn 9of thecorrespondingsystolic array.

D u e t o t h e r e g u l a r i t y o f s y s t o l i c a r r a y s a s w e l l a s t h e C 3 - m a c r o s ,
w e c a n e n f o r c e n o n - o v e r l a p p i n g c o n s t r a i n t s f o r o n l y a l o c a l n e i g h -
b o r h o o d o f e a c h C 3 - m a c r o . I n t h i s m a n n e r , t h e r e l e v a n t o r d e r i n g

C3-macro



Dust Cell Clustering

• Diffusion based Bubble-FOS/C algorithm [H. Meyerhenke, et al., 

“Graph partitioning and disturbed diffusion,” Parallel Computing 2009] 
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C3-Macro Placement

• C3-macro area == PE + clustered cells

• Linear programming to minimize HPWL

• C3-macros’ 2D order follows the schematic

• Non-overlapping constraints

• Two iterations LP compact x and y directions separately 
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Dust Cell Placement

• PE locations are fixed

• Initial dust cell placement, equilibrium among 

forces toward associated PEs

• Global placement by RePlace

• Legalization and detailed placement by NTUPlace

8

F i g u r e 4 : A i l l u s t r a t i o n o f d u s t c e l l i n i t i a l p l a c e m e n t . T h e
s m a l l b o x e s i n d i c a t e d u s t c e l l s . T h e n u m b e r s a l o n g w i r e s e g -
m e n t s a r e n o n - z e r o e l e m e n t s o f c o n n e c t i o n w e i g h t m a t r i x .

This is illustratedby anexamplein Figure4,where

=
0.5 0.4 0.1 0.0
0.4 0.1 0.0 0.5

,x%=[1,1,2,2]) ,y%=[1,2,1,2])

Then, theinitial placement of thetwodust cells isobtainedby

x⇠ = ·x%=
1.1
1.5

, y⇠ = ·y%=
1.4
1.6

O n e c a n s e e t h a t t h e c o m p u t a t i o n s o f A l g o r i t h m 1 a n d E q u a t i o n
(17) h a v e v e r y l i m i t e d c o m p l e x i t y . I n d e e d , i t i s o b s e r v e d t h a t o u r
i n i t i a l p l a c e m e n t a c h i e v e s b e t t e r r e s u l t s t h a n q u a d r a t i c p l a c e m e n t
w i t h m u c h s h o r t e r r u n t i m e . I t a l s o e n a b l e s s i g n i c a n t l y s h o r t e r
HPWL comparedto randominitial placement.

6 EXPERIMENTAL RESULTS
6.1 Experiment Setup
S e v e r a l s y s t o l i c a r r a y - b a s e d C N N c i r c u i t d e s i g n s a r e o b t a i n e d a c -
c o r d i n g t o [ 2 1 ] f o r A S I C s t y l e . T h e s e c i r c u i t s a r e s y n t h e s i z e d u s i n g
S y n o p s y s D e s i g n C o m p i l e r w i t h t h e A S A P 7 c e l l l i b r a r y [ 8 ] . T h e y
c o v e r d i e r e n t d a t a o w s , W e i g h t S t a t i o n a r y ( W S ) a n d O u t p u t S t a -
t i o n a r y ( O S ) , a n d v a r i o u s P E a r r a y s i z e s . T h e c h a r a c t e r i s t i c s o f t h e s e
circuitsaresummarizedon theleft of Table1.

W e c o m p a r e d o u r m e t h o d ( S y s M i x ) w i t h t h e f o l l o w i n g s t a t e - o f -
the-artmixed-sizeplacers

• RePlAce[6];
• DREAMPlace[15];
• AutoDMP[1];
• Thework of [4];
• A commercial placement tool.

A u t o D M P u s u a l l y g e n e r a t e s m u l t i p l e s o l u t i o n s w i t h d i e r e n t P P A
( P e r f o r m a n c e P o w e r A r e a ) t r a d e o s . W e p i c k i t s m i n i m u m H P W L
s o l u t i o n f o r a f a i r c o m p a r i s o n . E x c e p t A u t o D M P a n d [ 4 ] , a l l t h e
o t h e r m e t h o d s a r e e v a l u a t e d o n a n 8 - t h r e a d C P U m a c h i n e w i t h
3 . 4 G H z f r e q u e n c y a n d 2 5 0 G B R A M . A u t o D M P c a n o n l y b e p e r -
f o r m e d o n a G P U p l a t f o r m , a n d i t r u n s o n N V I D I A G e F o r c e R T X
2 0 8 0 T i i n t h i s e x p e r i m e n t . T h e r e s u l t o f [ 4 ] w a s o b t a i n e d f r o m a n
NVIDIA GeForceRTX 2080GPU.

6.2 Main Results
T h e m a i n r e s u l t s o f H P W L a n d t o t a l r u n t i m e a r e s u m m a r i z e d i n
T a b l e 1 . A l l t h e H P W L v a l u e s e x c e p t t h o s e l a b e l e d w i t h i l l e g a l
a r e l e g a l i z e d r e s u l t s . F o r t h o s e r e s u l t s l a b e l e d w i t h i l l e g a l , g l o b a l
p l a c e m e n t w a s s u c c e s s f u l , a n d t h e i r g l o b a l p l a c e m e n t H P W L r e s u l t s
a r e r e p o r t e d i f a v a i l a b l e . P l e a s e n o t e t h a t e a c h t o o l h a s i t s o w n
l e g a l i z e r , e . g . , t h e l e g a l i z a t i o n o f D R E A M P l a c e w a s p e r f o r m e d u s i n g
DREAMPlace’s legalizer. Theglobal placement of RePlAcecannot
convergefor circuitWS8andcircuitWS64.

A m o n g t h e s i x m e t h o d s b e i n g c o m p a r e d , o n l y o u r S y s M i x , t h e
c o m m e r c i a l t o o l , a n d A u t o D M P c a n s u c c e s s f u l l y n d l e g a l i z e d s o -
l u t i o n s f o r a l l c i r c u i t s . C o m p a r e d t o t h e c o m m e r c i a l t o o l a n d A u -
t o D M P , o u r S y s M i x c a n r e d u c e w i r e l e n g t h b y o v e r 5 3 % o n a v e r a g e
a n d a r e 1 5 ⇥ - 2 1 7 ⇥ f a s t e r . A l t h o u g h D R E A M P l a c e ’ s r e s u l t s l o o k
c l o s e t o o u r s , D R E A M P l a c e f a i l e d t o l e g a l i z e v e o u t o f t h e e i g h t
c i r c u i t s . A m o n g a l l m e t h o d s , R e P l A c e i s t h e f a s t e s t , b u t i t f a i l e d i n
t h r e e c i r c u i t s , a n d t h e a v a i l a b l e H P W L r e s u l t s a r e 7 8 % l a r g e r t h a n
o u r S y s M i x o n a v e r a g e . T h e m e t h o d o f [ 4 ] f a i l e d i n l e g a l i z i n g W S 3 2
andgenerated2.7⇥HPWL comparedtoour SysMix.

6.3 Ablation Studies

6 .3 .1 E e c t i v e n e s s o f L P - B a s e d C 3 - M a c r o P l a c e m e n t . W e c o m p a r e d
o u r S y s M i x w i t h t w o a l t e r n a t i v e a p p r o a c h e s , w h i c h p e r f o r m t h e
PE placement di erently.

(1) R e g u l a r P E p l a c e m e n t . P E s i n s t e a d o f C 3 - m a c r o s a r e p l a c e d i n
a r e g u l a r 2 D a r r a y , w h e r e r o w s a n d c o l u m n s a r e w e l l a l i g n e d .
T h e n , d u s t c e l l s a r e p l a c e d u s i n g R e P l A c e w i t h t h e P E s a r e

x e d . T h i s a p p r o a c h i s s t r a i g h t f o r w a r d y e t t h e t r i c k y p a r t i s
t h e s p a c i n g a m o n g a d j a c e m e n t P E s . S i n c e t h i s i s a r e g u l a r
a r r a y , t h e s p a c i n g f o r d i e r e n t c o l u m n s a n d r o w s a r e t h e
s a m e . T o o s m a l l s p a c i n g m a y c a u s e l e g a l i z a t i o n f a i l u r e s w h i l e
t o o l a r g e s p a c i n g i n c r e a s e s H P W L u n n e c e s s a r i l y . F o r e a c h
c a s e , w e c o n d u c t m u l t i p l e r u n s a n d c h o o s e t h e m i n i m u m
spacing that allowssuccessful legalization.

(2) R e P l A c e w i t h r e g u l a r i n i t i a l P E p l a c e m e n t ( R e P l A c e - R I ) . T h i s
i s a l m o s t t h e s a m e a s R e P l A c e e x c e p t t h a t t h e i n i t i a l P E p l a c e -
m e n t i s a r e g u l a r 2 D a r r a y i n s t e a d o f a r a n d o m p l a c e m e n t .
S i n c e t h i s i s m e r e l y a n i n i t i a l s o l u t i o n , t h e s p a c i n g a m o n g
rowsandcolumns isnot important.

T h e c o m p a r i s o n r e s u l t s a r e s h o w n i n T a b l e 2 . C o m p a r e d t o t h e
r e g u l a r P E p l a c e m e n t , S y s M i x c a n r e d u c e l e g a l i z e d H P W L b y a l m o s t
a h a l f a n d d e c r e a s e r u n t i m e b y 1 5 % . T h i s s h o w s t h a t t h e i m p a c t o f
d u s t c e l l s a n d I O p i n s i s c o m p l i c a t e d a n d c a n n o t b e h a n d l e d b y a
v e r y r e g u l a r P E l a y o u t . R e P l A c e - R I s h o w s m u c h b e t t e r r e s u l t s t h a n
t h e R e P l A c e r e s u l t s , w h i c h a r e s h o w n i n T a b l e 1 . H o w e v e r , i t s t i l l
c a u s e s 2 0 % h i g h e r H P W L , w h i c h i s q u i t e s i g n i c a n t f o r p l a c e m e n t .
M o r e o v e r , R e P l A c e c a n n o t y e t c o n v e r g e f o r W S 8 , e v e n w i t h t h e
regular initial solution.

6 . 3 . 2 E e c t i v e n e s s o f D u s t C e l l I n i t i a l P l a c e m e n t . I n o r d e r t o e x -
a m i n e t h e e e c t i v e n e s s o f o u r p r o p o s e d d u s t c e l l i n i t i a l p l a c e m e n t
d e s c r i b e d i n S e c t i o n 5 .3 , w e c o m p a r e i t w i t h r a n d o m p l a c e m e n t
a n d Q u a d r a t i c P l a c e m e n t ( Q P ) , t w o c o m m o n l y u s e d c o n v e n t i o n a l
i n i t i a l p l a c e m e n t t e c h n i q u e s , w h i l e t h e o t h e r p a r t s o f t h e S y s M i x
m e t h o d a r e r e t a i n e d u n c h a n g e d . T h e r e s u l t s a r e s u m m a r i z e d i n F i g -
u r e s 5 a n d 6 , w h e r e t h e H P W L v a l u e s a r e o b t a i n e d a f t e r l e g a l i z a t i o n .
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When PEs Are Also Dust Cells
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T. Lin, C. Chu, J. R. Shinnerl, I. Bustany, and I. Nedelchev, “POLAR: Placement based on novel rough 
legalization and refinement.” ICCAD 2013.
[9] S. Chou, M.-K. Hsu, and Y.-W. Chang, “Structure-aware placement for datapath-intensive circuit designs,” 
DAC 2012.
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Systolic Array Placement on FPGAs

11

• 1 PE = 1 DSP + ~50 LUTs/FFs/Carry-chain

LUTs

FFs

Carry

DSP

LUTs

FFs

BRAM



2D Macro Placement Problem

12

• Mapping a macro block array to DSP columns with minimum HPWL



Step 1: Partition Candidate Generation

13

One sub-array corresponds 
to one DSP column



Step 2: Partition Candidate Pruning

14

• HPWL upper-bound and lower-bound estimated for each 
candidate

• Candidates are pruned based on the bounds



Step 3: Place Remaining Candidates

15

• Remaining candidates 

are placed by R-SAD 

(Region-wise Sweep in 

Alternating Directions)

• The one with min 

HPWL is selected as 

final solution
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R-SAD: Lower-left and Upper-right Regions
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(a) Lower-left
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(b) Upper-right



R-SAD vs ILP and QAP 
(Quadratic Assignment Problem)

• HPWL of mapping an 8x8 macro array

• : horizontal distance between two adjacent DSP columns

17



Effectiveness of R-SAD in Different Placers

18



Comparison for Timing Driven Placement 

19



Other Physical Design Problems for 
Systolic Arrays

• Clock network synthesis

• Routing

• Design prediction

20



Conclusions

• Systolic array designs are increasingly popular

• Physical design techniques customized for systolic arrays 

can significantly outperform general PD techniques

21
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Thank You!
Questions?



MLCAD Symposium 2025

• Chaminade resort, Santa Cruz

• September 8-10

• Contest registration by April 20

• Sponsored by Nvidia

• Paper abstract due May 16

• Industry track abstract due May 23

• Artifact badge
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