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Introduction



Mixed-Cell-Height Circuits

q Recent mixed-cell-height designs combine higher and smaller cells to optimize PPA in modern ASICs.

► Higher cells boost performance and routability for critical paths.

► Smaller cells improve area efficiency and reduce power for non-critical logic.
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Challenges & Motivation

q Why Legalization matters:

► Eliminates design rule violations post-global placement.

► Impacts downstream routing and performance.

q Challenges in Mixed-Cell-Height:

► Site alignment, overlap-free.

► Cross-row shapes, P/G alignment, fence regions, edge 

spacing, pin access.
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Two cells are too close to each other  
VSS Pin
VDD Pin

VSS

VDD

VDD

VSS

VSS

<latexit sha1_base64="CRN+TiNU6b3HUGQB8ORRbsbeS5w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSA+tX+6WyW3HnIKvEy0kZcjT6pa/eIGZpxBUySY3pem6CfkY1Cib5tNhLDU8oG9Mh71qqaMSNn81PnZJzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTtCF4yy+vkla14tUqtfvLcv0mj6MAp3AGF+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwDwuY2X</latexit>c2

<latexit sha1_base64="gQnY06LckA5TKhReFCShQFKm6qs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9a/7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHzwY2Z</latexit>c4
<latexit sha1_base64="6BP9LU8nJGZTEPgIruSBUxwMbb0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDvNY2W</latexit>c1

<latexit sha1_base64="j9ED/v9VoTZafzlrC4vPNFqgo5U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6Z/3zfrniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb/8l7TOql6tWru7qNSv8ziKcATHcAoeXEIdbqEBTWAwhCd4gVdHOM/Om/O+aC04+cwh/ILz8Q3yPY2Y</latexit>c3
<latexit sha1_base64="j9ED/v9VoTZafzlrC4vPNFqgo5U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6Z/3zfrniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb/8l7TOql6tWru7qNSv8ziKcATHcAoeXEIdbqEBTWAwhCd4gVdHOM/Om/O+aC04+cwh/ILz8Q3yPY2Y</latexit>c3

<latexit sha1_base64="j9ED/v9VoTZafzlrC4vPNFqgo5U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8M/Pbj6g0j+WDmSToR3QoecgZNVa6Z/3zfrniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb/8l7TOql6tWru7qNSv8ziKcATHcAoeXEIdbqEBTWAwhCd4gVdHOM/Om/O+aC04+cwh/ILz8Q3yPY2Y</latexit>

c3

<latexit sha1_base64="CRN+TiNU6b3HUGQB8ORRbsbeS5w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSA+tX+6WyW3HnIKvEy0kZcjT6pa/eIGZpxBUySY3pem6CfkY1Cib5tNhLDU8oG9Mh71qqaMSNn81PnZJzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTtCF4yy+vkla14tUqtfvLcv0mj6MAp3AGF+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwDwuY2X</latexit>c2

<latexit sha1_base64="CRN+TiNU6b3HUGQB8ORRbsbeS5w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSA+tX+6WyW3HnIKvEy0kZcjT6pa/eIGZpxBUySY3pem6CfkY1Cib5tNhLDU8oG9Mh71qqaMSNn81PnZJzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTtCF4yy+vkla14tUqtfvLcv0mj6MAp3AGF+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwDwuY2X</latexit>

c2

<latexit sha1_base64="6BP9LU8nJGZTEPgIruSBUxwMbb0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDvNY2W</latexit>c1

<latexit sha1_base64="6BP9LU8nJGZTEPgIruSBUxwMbb0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDvNY2W</latexit>

c1

<latexit sha1_base64="6BP9LU8nJGZTEPgIruSBUxwMbb0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDvNY2W</latexit>

c1

<latexit sha1_base64="6BP9LU8nJGZTEPgIruSBUxwMbb0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDvNY2W</latexit>c1
<latexit sha1_base64="gQnY06LckA5TKhReFCShQFKm6qs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9a/7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHzwY2Z</latexit>c4



Related Work
q Intra-row Methods:

► Row assignment + intra-row optimization algorithm (e.g.,  ILP [Li+,DAC’18], LCP [Chen+, DAC’17]).

► Limited vertical movement space during optimization. 

q Inter-row Methods:

► Network flow / ILP-based (e.g., [Darav+, ISPD’17]) 

► High flexibility but computationally expensive.

Gap: 

Existing methods struggle with complex constraints and scalability.

Row Assignment Intra-row Opt.

Inter-row Opt.



Contribution

LEGALM, an efficient legalization method for mixed-cell-height circuits using the linearized augmented 

Lagrangian method. 

1. Augmented Lagrangian Method (ALM) for efficient vertical and horizontal cell movements.

2. Block Gradient Descent  (BGD) for parallel cell updates.

3. Triple-fold partitioning for GPU efficiency. 94.2× speedup with less than 0.5% quality 

degradation.

Results: 6-36% better quality, 2.25-5.99× speedup on million-cell designs.



The LEGALM Algorithm



Framework

q 3-Stage Workflow:
1. Initial Legalization: Minimal displacement, ignore overlaps.
2. ALM-based Legalization: Optimize displacement + eliminate overlaps.
3. Refinement: Strict no-overlap optimization.

q Key Components:
• Linearized ALM formulation for constraint relaxation.
• BGD for parallel cell updates.
• GPU-friendly partitioning.

Stage #2: ALM-based Legalization Stage #3: LG Refinement

Global Placement 
Results
(DEF)

LG Results
(DEF)

Partitioning 
Scheme Updating

Param. initial.

BGD Engine

Stage #1:
Initial LG

Partitioning 
Scheme Updating

Any Overflow?Weighting Factor 
Updating

ALM Multiplier
Updating

Restart 
Optimizer?

Maximum 
iteration?

Maximum 
iteration?

BGD Engine

N Y
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Augmented Lagrangian Formulation
q Objective: Minimize displacement while satisfying constraints.

q 𝒯!  Partition cell 𝑖 into sub-cells of width 1 and height 𝐻 (row height).
q 𝑥!,#,$  Binary indicator if sub-cell 𝑡 𝑡 ∈ 𝒯! 	of cell 𝑖 is placed at site 𝑗	(𝑗 ∈ 𝑆) .

q 𝑤!,#,$ Displacement cost for placing sub-cell 𝑡 𝑡 ∈ 𝒯!  at site 𝑗	(𝑗 ∈ 𝑆).

q 𝑔$(𝑥) Overflow at site 𝑗 𝑗 ∈ 𝑆 .



Augmented Lagrangian Formulation (cont’d)
q Lagrangian relaxation to handle overlap-free constraints.
q Slack variables 𝑟$ for site overflow.

q Solve for optimal 𝑟$ using elimination method:

q Iterative multiplier updates based on KKT conditions. 



Linearized Proximal Gradient Method

q Iterative Optimization: 
• In each iteration, given fixed 𝝀, let 𝑓 𝒙 = 𝜓(𝒙, 𝝀), solve the following function

• Proximal Mapping Operator (can be proved a linear operator).

• Proximal Gradient Method.

q Final Cost Function: 

• 𝑤!,#,$:   displacement cost for placing sub-cell 𝑡 𝑡 ∈ 𝒯!  at site 𝑗	(𝑗 ∈ 𝑆).
• 𝑔$ 𝑥 :  Overflow at site 𝑗 𝑗 ∈ 𝑆 .
• 𝑅!,#,$	: total number of DRVs for placing sub-cell 𝑡 𝑡 ∈ 𝒯!  at site 𝑗	(𝑗 ∈ 𝑆).

𝑐𝑜𝑠𝑡!,#,$ 	= 𝑤!,#,$ + 𝜆$max{1 + 𝜎𝑔$ 𝒙 , 0} + 𝑝 @ 𝐻 @ 𝑅!,#,$
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Figure: Diamond search range for the cell located 
at the red site.



Linearized Proximal Gradient Method (cont’d)

q Final Cost Function: 

• 𝑤!,#,$:   displacement cost for placing sub-cell 𝑡 𝑡 ∈ 𝒯!  at site 𝑗	(𝑗 ∈ 𝑆).
• 𝑔$ 𝑥 :  Overflow at site 𝑗 𝑗 ∈ 𝑆 .
• 𝑅!,#,$	: total number of DRVs for placing sub-cell 𝑡 𝑡 ∈ 𝒯!  at site 𝑗	(𝑗 ∈ 𝑆).

q Steps:
• Enumerate candidate positions (diamond search).
• Compute costs for displacement, overflow and technology.
• Select minimum-cost positions.

q Advantages:
• Balance displacement and technology constraints.
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Figure: Diamond search range for the cell located 
at the red site.

𝑐𝑜𝑠𝑡!,#,$ 	= 𝑤!,#,$ + 𝜆$max{1 + 𝜎𝑔$ 𝒙 , 0} + 𝑝 @ 𝐻 @ 𝑅!,#,$



Block Gradient Descent

q Goal: Parallelize cell updates without convergence loss.

q Triple-fold Partitioning:
• Divide layout into non-overlapping sub-regions (totally 3 partition schemes).
• Rotate partitions schemes to avoid update conflicts.

q GPU Acceleration:
• Kernel design: 1 grid per sub region, threads for candidate selections.
• Shared memory for cost reduction.
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R6
<latexit sha1_base64="d1ZUl5GYWZGmW/wbVVLVroap7xM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNAY9ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaF2WvUq7cXZZq11kceTiBUzgHD6pQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3meNiw==</latexit>

R7
<latexit sha1_base64="jnEytRSUlkC4aa0WmRO1VLS8LOc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY5ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJqz6Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi7JXKVfuLku16yyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3+uNjA==</latexit>

R8

<latexit sha1_base64="jnEytRSUlkC4aa0WmRO1VLS8LOc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY5ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJqz6Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi7JXKVfuLku16yyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3+uNjA==</latexit>

R8
<latexit sha1_base64="jnEytRSUlkC4aa0WmRO1VLS8LOc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY5ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJqz6Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi7JXKVfuLku16yyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3+uNjA==</latexit>

R8

<latexit sha1_base64="jnEytRSUlkC4aa0WmRO1VLS8LOc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY5ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJqz6Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi7JXKVfuLku16yyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3+uNjA==</latexit>

R8

<latexit sha1_base64="jnEytRSUlkC4aa0WmRO1VLS8LOc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY5ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJqz6Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi7JXKVfuLku16yyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3+uNjA==</latexit>

R8

<latexit sha1_base64="q0L549k/uYYshjfSd+D+zGK2MjQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJXLVfvLkq16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A1tONhg==</latexit>

R2
<latexit sha1_base64="qrWcahBQ+rmipGMbsZWjEVR6SEE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx7jIw9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mr2d++5FrI2L1gJOE+xEdKhEKRtFK93d9r1+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1drteaV+lcdRhCM4hlPw4ALqcAMNaAKDITzBC7w60nl23pz3RWvByWcO4Recj2/VT42F</latexit>

R1<latexit sha1_base64="7YXgeXirRlX16mVasGFMviAN1pE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx7jIw9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mr2d++5FrI2L1gJOE+xEdKhEKRtFK93d9t1+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1drteaV+lcdRhCM4hlPw4ALqcAMNaAKDITzBC7w60nl23pz3RWvByWcO4Recj2/Ty42E</latexit>

R0

<latexit sha1_base64="Hrrb9IhI1ke+5f/RXShMtxO7St0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF4/44JHAhswODUyYnd3MzJqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw333vFssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/yUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZ2WvUq7cXZSq11kceTiCYzgFDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwB2FeNhw==</latexit>

R3
<latexit sha1_base64="U1NgHDG7L6rZbYdOy9MKU4S2wEg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY9ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaF2WvWq7eVUq16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2duNiA==</latexit>

R4
<latexit sha1_base64="0ArEy46ygkd+OxmMMHJSUbNTGLE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokeiF4/44JHAhswODUyYnd3MzJqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw333olssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/yUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZ2WvUq7cnZeq11kceTiCYzgFDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwB21+NiQ==</latexit>

R5

<latexit sha1_base64="WCemokPDoscodWfKjm8ovSiFUFI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx7jIw9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mr2d++5FrI2L1gJOE+xEdKhEKRtFK93f9Wr9ccavuHOQv8XJSgRyNfvmzN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkxCoDEsbalkIyV39OZDQyZhIFtjOiODLL3kz8z+umGF76mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLf0nrrOrVqrXb80r9Ko+jCEdwDKfgwQXU4QYa0AQGQ3iCF3h1pPPsvDnvi9aCk88cwi84H9/c442K</latexit>

R6
<latexit sha1_base64="d1ZUl5GYWZGmW/wbVVLVroap7xM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNAY9ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaF2WvUq7cXZZq11kceTiBUzgHD6pQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3meNiw==</latexit>

R7

<latexit sha1_base64="WCemokPDoscodWfKjm8ovSiFUFI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx7jIw9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mr2d++5FrI2L1gJOE+xEdKhEKRtFK93f9Wr9ccavuHOQv8XJSgRyNfvmzN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkxCoDEsbalkIyV39OZDQyZhIFtjOiODLL3kz8z+umGF76mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLf0nrrOrVqrXb80r9Ko+jCEdwDKfgwQXU4QYa0AQGQ3iCF3h1pPPsvDnvi9aCk88cwi84H9/c442K</latexit>

R6

<latexit sha1_base64="d1ZUl5GYWZGmW/wbVVLVroap7xM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNAY9ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaF2WvUq7cXZZq11kceTiBUzgHD6pQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3meNiw==</latexit>

R7

<latexit sha1_base64="q0L549k/uYYshjfSd+D+zGK2MjQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJXLVfvLkq16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A1tONhg==</latexit>

R2

<latexit sha1_base64="7YXgeXirRlX16mVasGFMviAN1pE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx7jIw9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mr2d++5FrI2L1gJOE+xEdKhEKRtFK93d9t1+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1drteaV+lcdRhCM4hlPw4ALqcAMNaAKDITzBC7w60nl23pz3RWvByWcO4Recj2/Ty42E</latexit>

R0
<latexit sha1_base64="qrWcahBQ+rmipGMbsZWjEVR6SEE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx7jIw9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mr2d++5FrI2L1gJOE+xEdKhEKRtFK93d9r1+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1drteaV+lcdRhCM4hlPw4ALqcAMNaAKDITzBC7w60nl23pz3RWvByWcO4Recj2/VT42F</latexit>

R1

<latexit sha1_base64="U1NgHDG7L6rZbYdOy9MKU4S2wEg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY9ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaF2WvWq7eVUq16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2duNiA==</latexit>

R4
<latexit sha1_base64="Hrrb9IhI1ke+5f/RXShMtxO7St0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF4/44JHAhswODUyYnd3MzJqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw333vFssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/yUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZ2WvUq7cXZSq11kceTiCYzgFDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwB2FeNhw==</latexit>

R3
<latexit sha1_base64="0ArEy46ygkd+OxmMMHJSUbNTGLE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokeiF4/44JHAhswODUyYnd3MzJqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw333olssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/yUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZ2WvUq7cnZeq11kceTiCYzgFDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwB21+NiQ==</latexit>

R5

<latexit sha1_base64="d1ZUl5GYWZGmW/wbVVLVroap7xM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNAY9ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaF2WvUq7cXZZq11kceTiBUzgHD6pQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3meNiw==</latexit>

R7
<latexit sha1_base64="WCemokPDoscodWfKjm8ovSiFUFI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx7jIw9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mr2d++5FrI2L1gJOE+xEdKhEKRtFK93f9Wr9ccavuHOQv8XJSgRyNfvmzN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkxCoDEsbalkIyV39OZDQyZhIFtjOiODLL3kz8z+umGF76mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLf0nrrOrVqrXb80r9Ko+jCEdwDKfgwQXU4QYa0AQGQ3iCF3h1pPPsvDnvi9aCk88cwi84H9/c442K</latexit>

R6

<latexit sha1_base64="jnEytRSUlkC4aa0WmRO1VLS8LOc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY5ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJqz6Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi7JXKVfuLku16yyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3+uNjA==</latexit>

R8

<latexit sha1_base64="jnEytRSUlkC4aa0WmRO1VLS8LOc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY5ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJqz6Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi7JXKVfuLku16yyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3+uNjA==</latexit>

R8<latexit sha1_base64="jnEytRSUlkC4aa0WmRO1VLS8LOc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY5ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJqz6Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi7JXKVfuLku16yyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3+uNjA==</latexit>

R8

<latexit sha1_base64="jnEytRSUlkC4aa0WmRO1VLS8LOc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY5ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJqz6Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi7JXKVfuLku16yyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3+uNjA==</latexit>

R8

<latexit sha1_base64="q0L549k/uYYshjfSd+D+zGK2MjQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJXLVfvLkq16yyOPJzAKZyDB5dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A1tONhg==</latexit>

R2

<latexit sha1_base64="0ArEy46ygkd+OxmMMHJSUbNTGLE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokeiF4/44JHAhswODUyYnd3MzJqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw333olssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/yUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwaZ2WvUq7cnZeq11kceTiCYzgFDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwB21+NiQ==</latexit>

R5

<latexit sha1_base64="WCemokPDoscodWfKjm8ovSiFUFI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx7jIw9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mr2d++5FrI2L1gJOE+xEdKhEKRtFK93f9Wr9ccavuHOQv8XJSgRyNfvmzN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkxCoDEsbalkIyV39OZDQyZhIFtjOiODLL3kz8z+umGF76mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLf0nrrOrVqrXb80r9Ko+jCEdwDKfgwQXU4QYa0AQGQ3iCF3h1pPPsvDnvi9aCk88cwi84H9/c442K</latexit>

R6
<latexit sha1_base64="d1ZUl5GYWZGmW/wbVVLVroap7xM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNAY9ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v2iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaF2WvUq7cXZZq11kceTiBUzgHD6pQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A3meNiw==</latexit>

R7



Experimental Results



Experiment Setup

q Benchmarks:
• ICCAD-2017 (routability / fence regions). [Darav+, 

ICCAD’17]
• Modified ISPD-2015 (million-cell designs). [Chow+, 

DAC’16]

q Metrics:
• Quality score 𝑺: Combine HPWL variation 𝑺𝒉𝒑𝒘𝒍, 

weighted averaged displacement 𝑺𝒂𝒎, maximum 
displacement 𝑴𝒎𝒂𝒙, #pin short/access DRVs 𝑵𝒑, and 
#edge spacing DRVs 𝑵𝒆. 

• Runtime and speedup.

q Platform:
• One NVIDIA A800 GPU.
• Two Intel Xeon Platinum 8358 CPUs (2.60GHz, 32 

cores) with 1024GB RAM.

Table: Statistics of ICCAD-2017 Benchmarks.

Table: Statistics of ISPD-2015 Benchmarks.



Result on ICCAD-2017

q Quality: LEGALM improve overall score 𝑆 by 6-36% vs. SOTA with 1.03-3.83× speedup.



Result on ICCAD-2017 (cont’d)

q Quality: LEGALM improve overall score 𝑆 by 6-36% vs. SOTA with 1.03-3.83× speedup.
q Breakdown:
• 13-34% better HPWL variation 𝑆!"#$.
• 10% better maximum displacement 𝑀%&'.

• 4.4-33.2% better weighted average displacement 𝑆&%.



Scalability on Large Designs

q Cases: mgc_superblue (1M+ cells)
q Results:

• 2.25–5.99× faster than SOTA.
• 1.1-28.5% better displacement than SOTA. 
• Legalization in < 10 seconds for 3/5 cases.

q Why?: GPU parallelism + efficient partitioning.  



Ablation Study & Runtime Breakdown

q Triple-fold Partitioning (TP) Impact:
• 94.2× speedup vs. no partitioning (LEGALM-
NP).

• <0.5% quality loss.

q Grid Size: Larger sub-regions reduce 
parallelism but improve movement.

q Runtime Breakdown:
• ALM-based Legalization: 39%.
• Initial Legalization: 3%
• Legalization Refinement: 5%.

25%

12%

3%
7%

39%

5%

9%

Parsing input files

Writing def files

Initial Legalization

CPU-GPU Data Transfer

ALM-based LG

LG refinement

Others

Ideal Speedup

LEGALM-2H: double sub-region size
LEGALM-4H: quadruple sub-region size



Conclusion & Future Work



Conclusion & Future Work

LEGALM, an efficient legalization method for mixed-cell-height circuits using the 
linearized augmented Lagrangian method. 

q Conclusion:
• Linearized ALM formulation for mixed-cell-height legalization.
• Block Gradient Descent (BGD) + Triple-fold partitioning for GPU acceleration.
• 6–36% better quality, 94.2× speedup.

q Future Work:
• Advanced parallelization strategies.
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