
A Brief History of Timing

Technical Content:  Too Many to name

Presenter: J. White
http://1.bp.blogspot.com/-

1howlZ_g2Ag/UMY99Mhss7I/AAAAAAAABZ4/3sO3K5oxUKs/s1600/4DPicto.jpg

be analysed into smaller subnetworks which can be analysed
separately. Different time steps are used in the integration
of each of the subnetworks. The scheduling and the syn-
chronisation problem have been discussed. Comparisons
between a circuit-analysis program based on the algorithms
presented here and conventional circuit simulators show
that large savings in c.p.u. time and storage can be achieved.
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Fig. 8 Plot of node voltage vA computed by MACRO and ASTAP
to show the worst-case deviation
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SANGIOVANNI-VINCENI’JZLLI et al.: HEURISTIC CLUSTER ALGORITHM 

III. CONCLUDING REMARKS 

A heuristic algorithm for solving the cluster problem 
associated with the tearing of large-scale networks has 
been presented via the contour approach. First, the con- 
cept of a contour tableau was fully explored and utilized 
in developing our cluster algorithm. Then, several intuitive 
ideas such as the greedy strategy, the minimum-degree 
initial-node strategy, and the dynamic cutting strategy 
were employed to improve the efficiency of our algorithm. 

The tradeoffs [15] involved in the strategies adopted 
were discussed together with the computational complex- 
ity of the algorithm. Finally, experimental results showed 
that our algorithm is highly efficient and yields near 
optimal solutions. 
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plexity of ICs which can be efficiently produced). Further integration and down-
scaling of electronic circuits created a need to simulate larger design blocks, as well
as entire chips. This meant scaling up simulation capabilities from circuits with
thousands of transistors to circuits with millions of transistors, which, as quickly re-
alized, required abandoning the uncompromising approach to simulation accuracy
of the initial SPICE tools. Hence, a new class of accelerated transistor-level simu-
lators (also called ‘fast-SPICE’ simulators) emerged. ‘Fast-SPICE’ tools started to
explore various accuracy tradeoffs to achieve incredible performance and capacity
gains. Those in turn were made possible by a myriad of novel heuristics, method-
ologies, and computational techniques.

Discussing fast-SPICE technologies is the focus of this chapter. Yet, presenting
a comprehensive summary or even a listing of all the simulation acceleration meth-
ods, published in hundreds of papers and patents, lies well beyond the scope of this
contribution. Instead, this chapter attempts to take only a perspective on those tech-
nologies. The perspective will be that of a fast-SPICE researcher and developer at
the same time (which is the author’s own), and will allow one to see the inherently
multidisciplinary character of fast-SPICE technologies, underline some of the com-
mon characteristics of certain successful techniques, and at the same time illustrate
general shifts of focus of fast-SPICE simulation over the years.

First, the scene is set up by briefly presenting the computational problem shared
by SPICE and fast-SPICE, and the initial approach toward solving it, exempli-
fied by virtually all classical SPICE simulators. Then, typical usage and limita-
tions of SPICE simulators are outlined, followed by motivations behind acceler-
ated, fast-SPICE tools, and presentation of main differences between the two classes
of tools. Next, fast-SPICE technologies are discussed with emphasis on their vari-
ous, often complementary views of the computational problem, and their classi-
fication is attempted. A few selected techniques are then described in more de-
tail in order to illustrate how they integrate various approaches and views of the
computational problem in order to achieve gains in simulation capacity and perfor-
mance. Finally, challenges and potential research paths in fast-SPICE simulation are
listed.

2 SPICE: Transistor-Level Circuit Simulation

In SPICE simulation transistor models (such as e.g. BSIM4 or Mos11), lumped pas-
sive element models (e.g. R, L, C), and voltage and current source models (e.g. us-
ing modified nodal analysis (MNA) formulation) are combined with circuit equa-
tions (Kirchhoff’s current and voltage laws) to describe the physics and topology
of the considered integrated circuit design. In mathematical terms, the problem to
be solved numerically is a system of differential-algebraic equations (DAEs) in the
following form:

dq (v, t)
dt

= i(v,u, t) , (1)
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where v = v(t) is a vector containing nodal voltages and branch currents (for ele-
ments applying MNA formulation), u = u(t) is a vector of inputs (realized using
e.g. voltage sources or digital vector input elements), t is time, q () is an operator
describing charge, and i() is an operator describing current. System (1) modeling
an integrated circuit is typically highly nonlinear, stiff and, in the case of most fast-
SPICE applications, has an extremely large size. Most commonly one is interested
in finding transient time-domain solution of (1) in response to a given input signal,
therefore the following description will focus on this case.

In order to tackle problem (1) numerically one needs to address the following
issues:

1. A numerical integration scheme, along with suitable corresponding time dis-
cretization (time-stepping) needs to be applied. Popular and inexpensive choices
for stiff systems include backward-Euler, trapezoidal, and second-order Gear
methods. For instance, backward-Euler integration will yield an algebraic equa-
tion in the form shown below:

vt+∆ t = vt +∆ t f (vt+∆ t ,ut+∆ t , t +∆ t) (2)

where vt is a (known) vector of nodal voltages at time t, vt+∆ t is an unknown
vector of nodal voltages at time t + ∆ t, ∆ t is the time-step, ut+∆ t is a vector of
inputs at time t + ∆ t, and f () is a (nonlinear) operator. In the above formula-
tion, the unknown vector vt+∆ t is not given explicitly in (2), and needs to solved
for.

2. Algebraic equation (2) needs to be solved in order to find vt+∆ t . It can be rewrit-
ten as a problem of finding zeros of a nonlinear operator:

F(v) = 0 (3)

where v is the unknown vector of nodal voltages at time t + ∆ t, and F(v) =
v−vt −∆ t f (v,ut+∆ t , t +∆ t). Zeros of the above equation are most often found
using some flavor of the multi-dimensional Newton-Raphson method, yet other
choices are available such as e.g. successive chords method [8, 16]. An iteration
of the Newton method for (3) is given below:

vi+1 = vi − J−1
F (vi)F(vi) (4)

where JF is the Jacobian matrix for operator F , vi is an approximation of v at i-th
iteration, vi+1 is approximation of v at (i+1)-th iteration.

3. Finally, a system of linear equations needs to be solved at each iteration of the
Newton process (4):

JF(vi)x = F(vi). (5)

To this end any direct or iterative linear solver can be applied. In SPICE domain
the ‘default,’ or reference choice of the linear solver is still a direct solver based
on LU factorization with an appropriate pivoting scheme.
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I C  

parameterized by OL and nmax, determine  the set of i which large parts of the graph C. This process is illustrated in 
satisfy (14). In Fig. 5(b), the separator of minimum cardinal- Fig.  5(c), which shows a contour plot which exhibits  a strong 
ity S, occurs at  the extreme right. minimum of ISi 1 at i = p. 

The algorithm may also select a "natural" block of the The success of the algorithm depends on the heuristics 
decomposition if it discovers a small separator between two chosen for initializing and extending the sequence. The 
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1 r- 1 
Fig. 2. Matrix decomposition. 

A= L + D + U 

(c) ( 4  

Fig. 1 .  Triangular matrix structures. (a) BBD. @) BBT. (c)  BD. (d) BT. 

Fig. 3. Gauss-Seidel decomposition. 

of the "torn" matrix B. Thf is, when the original matrix A 
is permuted into  the form A ,  which is BBD or BBT, the de- 
composition permits the reduced matrix B to assume the BBD 
form of Fig. l(c),  or BBT form of Fig. l(d). The structure of 
the outer product CRT is illustrated in  Fig. 2(b). As  we shall 
discuss  in detail in Shection  111, the matrix CRT can  be thought 
of  as "torn" from A ,  leaving  in its place the reduced matrix B. 
Tearing is formally equivalent to solving (7a) by applying the 
Sherman-Morrison-Woodbury formula [ 241, 

x^ = B-'8 - B-' ( ~ ( Z Q  + RTB-' C)-'RT) B-' 8. (8) 

It is not customary to solve (8) with explicit inverses. Instead, 
the procedure, or a variant of it, is usually employed. First, 
the block matrix B and an intermediate m-atrix Q are factorized, 
Le., 

B + L U  

Q =(zQ + R ~ u - '  L-'c) 
Q'LQUQ. (9 )  

Once these LU factorizations are done, the solution is com- 
pleted by the back substitutions 

y t B-' f E u-' L-' 8 
+ Q - ~ R T ~  = U G ' L G ~ R T ~  

Ay + U-'L-' Cz 

x + y -  AY. (10) 
Thus "tearing" the matrix C from A permits an initial ap- 
proximation, i.e., y,  to be computed by solving the system 
yith  the structured matrix B .  At the expense of factoring  a 
smaller matrix Q, and performing an extra back substitution 
with L and U, the solution x is completed by subtracting the 
correction  term Ay from  the  approximation y. 

With  regard to efficiency we can make some general 
observations. 

1) Since B has the structure of either BBD or BBT, 
can be obtained blockwise. This is also true 

for  the product of B-' with various other terms  in (8), which 
is the key point. This enables the block operations to be 
carried out concurrently to increase execution speed or serially 
to extend storage capability. 

B-' E u-' L-' 

2) The rectangular matrix R ,  owing to  its composition 
(Fig. 2(b)) as a zero matrix catenated  with an identity  matrix, 
operates sobly as a  selector, i.e., multiplication with  this 
matrix requires no numerical operations. 

3) Given that  the LU factors of B are available (with  the 
appropriate block structure of course), then various economies 
can be obtained by clever association of B-' E U-'L-' . For 
example, the  quantity B-'C can be computed either as 
U-'(L-'C) or (U-'L-')C. The most economical choice de- 
pends on  the sparsity and block structure of the "tear" 
matrix C. George [25], [ 261,  Hajj [271, and Guardabassi 
and Sangiovanni [ 501, have studied this association technique 
carefully and demonstrated the advantages which can  be 
attained. 

4) If the size of the border (number of columns in C) is 
small, the factorization and back substitutions of Q are cheap. 

Various third-generation circuit simulation techniques based 
on  this  approach are discussed in Sections I11 and IV. 

An alternative approach to solving (6) is based on  the idea of 
"temporal" decomposition. The terms "relaxation methods" 
and "indirect methods" are sometimes used to describe the 
same process. In this  approach, LU factorization is replaced 
by an iterative sweep through the equations of (7a), using the 
following procedure or a variant of it. Instead of obtaining the 
LU factorization of b, we simply partition d into  the form 

b+P+f,+PI (1  1) 

where 2 and are strictly (i.e., with zero diagonal) lower and 
strictly upper triangular matrices and f, is a diagonal matrix, 
as illustrated in Fig. 3. Then (7a) is  solved by iteratively 
calling 

Procedure Gauss-Seidel  sweep  (GSS) [ 191 : 

F o r v = 1 , 2 ,  ..., 
Begin 
For i =  1,2, .  , . ,n 

Begin 
x;+' =ID 7; ( b  - Pix"+' - %,x") 
End 

gu+1 f l l X U + l  - x" II 
End. 



Exploit hierarchy

for S, i.e.

ft = {(u,w,y)\H(u,w,y) = 6}

An exact macromodel of S is an input/output map of the
form

y = Gy(u) (4)
where

Gy:UCU° ->(RCT

is such that, for all (u, w,y)e£l

y = Gy(&)

Under suitable assumptions on H and its derivative,5
we can guarantee the existence of an exact macromodel
which is continuously differentiable, and we can give a
formula for the Jacobian of G r In Reference 5, we
developed a two-level Newton algorithm based on the
concept of exact macromodel to decompose the analysis
of a large network into the analysis of smaller subnetworks
without giving up the quadratic convergence of the usual
Newton technique.10 It turns out that many large-scale
integrated circuits have structures similar to the one shown
in Fig. 1. The circuit of Fig. 1 consists of the intercon-
nection of four latches, where each latch consists of the
interconnection of four NOR gates and each NOR gate
in turn consists of the interconnection of m.o.s. devices.
This circuit exhibits a hierarchy of components that is
typical of many l.s.i. circuits realised in m.o.s.f.e.t. tech-
nology and bipolar technology.

It is natural to ask whether such hierarchical structures
can be exploited to devise new efficient analysis techniques.

NOR gate

VRK>

Fig. 1 Example of integrated circuit with hierarchical structure

IEEPROC, Vol. 127, Pt. G, No. 6, DECEMBER 1980

Nested macromodels are introduced to capture the hier-
archical structure of l.sj. circuits.

In the example of Fig. 1, each m.o.s. device can be
described by five to ten simultaneous nonlinear equations,
according to models of different accuracy used. Thus,
a first-level macromodel could be related to the input/
output electrical behaviour of the device. A NOR gate
can contain six or seven devices. Thus, a 'second level'
macromodel could be associated to the input/output
electrical behaviour of the NOR gate. In this case, the
subnetwork to be represented by a macromodel at second
level contains, as components, first-level macromodels,
i.e. device macromodels. Again, each latch consists of
four NOR gates. Thus, a 'third level' macromodel could
be associated with the input/output electrical behaviour
of each latch. The subnetwork represented by a third-
level macromodel contains second-level macromodels
(NOR-gate macromodels) as components. More rigorously,
we offer the following definitions.

Definition 2.2
Given a network J^, a subnetwork at level 0 is a subnet-
work whose input/output behaviour is given by an explicit
input/output map.

For example, a two-terminal resistor whose v/i charac-
teristic is described as v=f(i) or i = g(v) is a subnetwork
at level 0.

Definition 2.3
Given a network Jr, a subnetwork S{ contains another
subnetwork Sk if all the nodes of Sk are nodes of St.

Definition 2.4
A subnetwork SJ- is said to be at level / if s{ contains
subnetworks ££, / — 1 > p > 0 , and if £,- does not contain
subnetworks S%,p>j.

For example, the subnetwork consisting of the equivalent
circuit for m.o.s. devices is a subnetwork at level 1, since
it contains subnetworks at 0 level. The subnetwork cor-
responding to a NOR gate is a subnetwork at level 2,
since it contains subnetworks at level 1 (equivalent circuits
of m.o.s. devices) and subnetworks at level 0 (two terminal
resistors and capacitors). The subnetwork corresponding
to each latch is a subnetwork at level 3, since it contains
subnetworks at level 2 (NOR gates). For the sake of
notational simplicity, we shall assume that a network
at level / contains only subnetworks at level / — 1. In
the example of Fig. 1, the subnetwork associated with
latches contains only gates, i.e. subnetworks at level 2.
We can always reduce all the other cases to this one by
simply 'lifting up' a subnetwork at a level lower than
/ — I , to /— 1 level. This can be done by defining a sub-
network at level k + 1 which has exactly the same nodes
as a subnetwork at level k.

Definition 2.2 specifies a macromodel for a subnetwork
at level 1. We can easily generalise this definition for
subnetworks at level/ by the following recursive definition.

Definition 2.5
Let the rth subnetwork at level /, S\ be described by a set
of algebraic equations of the form

>M>&{~i(wi)>y{} - 9 (5)

293

where

36 M. Rewieński

Initially techniques for accelerating memory circuit simulations focused on
‘ideal’ pre-layout memory arrays, i.e. arrays which do not include parasitic RC el-
ements either inside the cells, or along bitlines or wordlines. Older methods often
first identified portions of the array which stayed latent throughout the entire simula-
tions, and subsequently removed those portions to lower memory cost and improve
performance of the actual simulation (cf. e.g. Hierarchical Array Reduction [7]).
Those techniques also frequently required a designer to manually specify the cell
subcircuit, as well as heavily relied on efficient hierarchical representation of the
memory circuit. Consequently, the methods were most suited for simulations which
verified only portions of the entire memory array.

Subsequently, much more advanced technologies were developed, such as Spice
Optimized for Arrays [4]. This method also merges various approaches toward the
computational problem, yielding highly efficient memory models. In this technique
graph-based approach is used to automatically detect a wide range of cell and mem-
ory topologies. Then, typical operating patterns of memory circuits are exploited to
replace the entire array consisting of N cells, with O(

√
N) models, each model rep-

resenting an entire row or column of cells. Such approach yields critical reduction of
memory usage (from O(N) to O(

√
N)), and corresponding performance improve-

ments. Since performance of this optimization technology is also independent of

Fig. 2 Model post-layout memory array topology. Grayed boxes represent memory cells. Cells
are connected with each other through bitlines and wordlines which are distributed RC lines. Also
capacitive couplings are present between different cells, bitlines and wordlines
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2. In fact, each variable of the system of differential equations is treated differently according to the 
ordering in which equations are processed. Hence a more complex test problem is needed. The test 
problem we choose is a linear time-invariant asymptotically stable system of autonomous differential 
equations, i.e. 

X = AX, ~ ( 0 )  = xO. (12) 

where A E  R""" and the set of eigenvalues (spectrum) of A, cr(A), is in the open left half complex plane, 
i.e., u (A)  E CO. In circuit theoretic terms, we consider as test circuits linear circuits whose natural 
frequencies are in the open left half plane and which satisfy the assumptions described in Section 2. Let 
A = L + D + U, where L is strictly lower triangular, D is diagonal and U is strictly upper triangular. The 
displacement methods presented in Section 2 applied to the test system (12) yield the following recursive 
relations: 

(a) Gauss-Jacobi integration algorithm: 

[I - h D]Xk+i = [I + h (L u)]Xk. (13) 

xk+l = MGJ(h)Xk. (14) 
where I is tht  identity matrix and 

MGJ(h) = [I - h D]-'[I + h (L + U)] (15) 

(b) Gauss-Seidel integration algorithm: 

where 

MGS( h )  = [I - h (D  + L)]-'[I + h U] 

(c) Modified symmetric Gauss-Seidel integration algorithm: 
Let: 

A,=L+$D A,=u+$D 

Forward step: 

Backward step: 

Combining (22) and (24) we obtain: 
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or

(5b)

(6a)
or

(6b)

X

Gauss- Seidel:

k+l D-((L + U)xk- b) - Mjxk + D-b;

(L + D)xk+l-" -Uxk -k- b

xk+= -(L + D)-(Uxk b) - M6sXk’+(L + D)-lb
where x is the value of x at the k th iteration.

Relaxation-Based Circuit Standard Circuit
Simulation Simulation

,
Integration Formulae
(e.g. Backward Euler)

g,(x, ’,x, -’)=o [_ g,(x,,x,)=o

g,(x, ",x, )=o ’] g,(x,,x,)=o

Nonlinear Gauss-Seidel Neton-Raphson

a,x, ’+a=x =b atxt+ax=b

Linear Gauss-Seidel Gaussian Elimination

LU Decomposition

FIG. 3. Parallel between standard circuit simulation techniques and relaxation-based techniques.

Since relaxation methods are iterative methods, it is important to ask under what
conditions they are guaranteed to converge to the solution of (4).

Note that the iterations are not well defined if D is singular. That is, if there is a
zero on the main diagonal of A. It is well known that a necessary and sufficient
condition for the iterations defined by (5b) and (6b) to converge to the solution of (4),
independent of the initial guess x0, is that the eigenvalues of MGj and MGs be inside the
unit circle in the complex plane [26]. However, this condition is not practical from a
computational point of view and other conditions, in general sufficient conditions, are
used to check the convergence of these methods. In particular, it can be shown that if A
is strictly diagonally dominant, then both the Gauss-Jacobi and the Gauss-Seidel
iteration converge to the solution of (4). Other sufficient conditions can be found in
[261, [281.

Another important convergence property of iterative methods is rate of conver-
gence. It can be shown that if the Gauss-Jacobi and the Gauss-Seidel iteration
converge, they converge at least linearly. That is, after a sufficiently large number of
iterations, the error at each iteration decreases according to

ilxk+ 1_ 11 < ellx k 11
where is the solution of (4).
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Devices 
232 
62 1 
259 
250 
1082 
3295 

approximately six. In order to compute the actual efficiency of the WR method, the 

average number of WR iterations performed must be taken into consideration, because 

for each WR iteration the set of timepoints is recomputed. Then, if our claims above 

are correct, when the ratio of the number of timepoints for the direct method to the 

number of WR timepoints is divided into the average number of relaxation iterations, 

the result should be almost equal t o  the ratio of WR computation time to direct com- 

putation time. And as the table above shows, it is. 

SPICE2 RELAX2.2( DIRECT) 
1400s* 90s* 

10400 s* 995s* 
4300s* 540s* 
439s** 98s** 

18000s* 1800s* 
115.000s* 5000s* 

In the above analysis we have ignored an important advantage of relaxation 

methods, that they avoid large matrix solutions. This is reasonable assumption for the 

above example because the matrix operations account for only a small percentage of 

the computation, even when direct methods are used. However, for much larger prob- 

lems, of the order of several thousand nodes, the time to perform the large matrix 

solutions required by direct methods will dominate. In those cases WR methods 

should compare even more favorably because they avoid these large matrix solutions. 

Finally, we present several circuits that have been simulated using RELAX2.2 

with direct and WR methods, and SPICE2. 

SPICE2 VS RELAX2.2 (DIRECT) VS RELAX2.2(WR) ON INDUSTRIAL CIRCUITS 

Circuit 
UP Control 

Cmos Memory 
4-bit Counter 
Inverter Chain 
Digital Filter 

Encode-Decode 

CONCLUSIONS AND AKNOWLEDGEMENTS 

RELAX2.2( WR) 
45s* 

308s* 
299s* 
38s** 
520s* 
MOOS* 

*On Vaxl1/780 running Unix using Shichman-Hodges Mosfet model 
**On Vaxl1/780 running VMS using Yang-Chatterjee Mosfet model 
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As the plotted waveforms indicate, the WR algorithm diverges for this problem. In 

fact, Eqn. (1.5.4) indicates that the WR algorithm will only converge if 

(1.5.5) 

To understand this nonconvergence phenomenon consider the Gauss-Seidel WR 

algorithm applied to Eqn. (1 .1 .3 )  with C ( x  .u ) = C . The WR iteration equation is 

(identical to Eqn. 1.2.9): 

i k + l  = ( L  + D ) -Wik + 3 ( x k  + I ,  X k  .u 1. (1.2.9) 

Applying Backward-Euler yields: 

x k + ' ( n + l ) - x k + l ( n )  = ( L  + D)- 'u(  x ~ ( n + l ) - x " n )  t (1 S.6 )  

h 7 ( x k  +l(n t l ) .  x k  (n t l ) , u  1. 
In the limit as h --roo , Eqn. 1.5.6 becomes equivalent to solving 

( x k + ' ( n  +1). x k  (n  +l).u )=O . Since little is assumed about f other than Lipschitz 

continuity, i t  is unlikely that this problem can be solved, in general, with a simple 

Gauss-Seidel relaxation. However, in the limit as the timestep becomes small. Eqn. 

1.5.6 becomes 

xk+1(?2+1)-xk+l(n) = ( L  + D ) - ' u ( x k ( n + l ) - x k ( n )  1. 
and from the lemma in Section 1.2, the norm of 11 ( L  + D)-'UII < 1 so the relaxation 

is certain to converge. The timestep h can be viewed as a parameterization of this alge- 

braic problem. As the timestep decreases, the problem is continously deformed from 

one that may not be solvable by relaxation to one that is guaranteed to be solvable by 

relaxation. We formalize this observation in the following theorem: 

Theorem 15.1: If, in addition to the assumptions of Theorem 1.2.1, the WR iteration 

equations are solved using a stable and consistent multistep method with a fixed 

timestep h , for a finite number of points, then there exists an h '  > 0 such that the 

sequences ( x k  (n ) ) generated by the Gauss-Seidel or Gauss-Jacobi discretized WR 

algorithm will converge for all 0 < h < h ' . 


